High pressures and high temperatures may arise in pipelines when a liquid column is suddenly accelerated into a gas pocket trapped at a closed end. A mass oscillation occurs that is described by nonlinear equations for both liquid and gas. Analytical expressions are derived for the uniform velocity of the liquid column, from which pressures and gas temperatures follow. The obtained results are validated against theoretical and experimental results published by fellow researchers.
INTRODUCTION
The motion of an individual liquid slug traveling in a pipeline is impeded when the gas ahead of it cannot escape freely. Trapped gas will lead to a significant pressure build-up in front of the slug, which slows the slug down and eventually may bounce it back. A mass oscillation is what remains. This situation is an extension of previous work [1] and modeled onedimensionally. The model includes perfect gas at the slug's front and -unlike [1] − flow reversal may occur. Analytical expressions are derived for the nonlinear differential equation and nonlinear boundary condition that describe the problem. These expressions can be used to verify numerical solutions, but − more importantly -they give insight in the relevant parameters involved. The obtained analytical solutions are validated against numerical finite-difference results, theoretical results [2] and experimental data [3] [4] [5] . The study of liquid slugs and gas pockets is of importance for pipeline filling [6] [7] [8] [9] [10] [11] , surcharged sewers and geysering [12] [13] [14] [15] , waterhammer [16] [17] [18] , steam condensation [19] [20] , and auto-ignition of combustible fluid due to rapid compression [21] [22] [23] . The practical utility of the models proposed in [21] [22] is discussed in [23] . Entrapped air at a blind flange was considered as one of the possible causes of the tragedy of the offshore platform Piper Alpha in 1988 [23] .
PROBLEM STATEMENT
Consider the schematized liquid-column (or slug) moving at speed v towards the closed end of a straight pipe as sketched in Fig. 1 . The pipe of length x L may have an angle θ with the horizontal. The inflow is at constant position x 2 = 0 and the planar front is at changing position x 1 . The unknown gas pressure at the front is P 1 and P 2 (> P 1 initially) at the tail is prescribed. The liquid slug has mass m, length 1 2 L x x = − , and constant density ρ related by
The gas ahead of the slug is trapped and will be compressed. The uniform slug velocity v and slug length L are unknown functions of time.
Fig. 1
Sketch of pipe filling with entrapped gas pocket.
GOVERNING EQUATIONS
For filling liquid from a reservoir with constant head H R into a pipe that is closed downstream and filled with a perfect gas, the governing equations are
In Eq. (2b) the term on the left represents inertia and the terms on the right stand for driving pressure head, gravity, skin friction, valve loss, and entrance loss plus velocity head, respectively. All symbols are defined in the Nomenclature. The filling starts by instantaneously opening an upstream valve that separates liquid and gas. For a perfect gas the absolute pressure head increases when the length of the gas pocket decreases according to gas gas gas 0 gas 0 Fig. 1 , and n is 1.4, 1.2 and 1 for reversible isentropic (adiabatic), polytropic and isothermal processes, respectively. The boundary condition (2c) is directly included in the ODE (2b). For large local voids occurring in vapor column-separations [24] or under vacuum conditions [25] , gas va ( ) = H t H for all t, which is modeled herein by taking n = 0. For θ = 0 (horizontal pipe) and K e = K v = 0 (no "minor" losses), Eq. (2b) is the same as Eq. (1) in [2] and Eq. (2) in [12] . One difference with [2] and [12] is that the velocity head is absent (and herein also the entrance loss) when the flow is towards the reservoir. This is achieved by the Heaviside function H(v(t)).
ANALYTICAL SOLUTIONS
Analytical solutions are first derived for the case that the flow is towards the gas pocket.
Substitute v from Eq. (2a) and H gas from Eq. (2c) into Eq. (2b) and use Eq. (3) to arrive at the following linear first-order ODE for w 2 : 
The slug length L is to be replaced by L L x ≤ < and therefore can be integrated numerically with great accuracy. Symbolic solutions can be derived partly for the special cases K = 0 (no entrance and valve losses), K + 1 = 0 (no entrance and valve losses, and velocity head excluded), C 2 = 0 (no skin friction), n = 1 (isothermal process), and n = 0 (column separation).
The special case K = 0 gives the solution ( ) 
where for n = 1 the exponential integral
where the exponential integral
The special case C 2 = 0 or f = 0 (also considered in [2] ) gives the solution
where the remaining integral can be expressed in terms of hypergeometric functions for any value of K and n. For K = 0 and n ≠ 1 (and C 2 = 0) it is 0 * * 1 1 0
for K = 0 and n = 1 (and
for K = 1 and n = 1 (and
The pressure along the liquid slug and in the gas is 2 2 2 2 gas
The corresponding absolute temperature is 1 1 1 gas 0 gas gas 0 gas 0 gas 0
The travel time of the liquid-gas interface is
It is difficult to calculate this integral very accurately (if needed), because the integrand is singular for t = t 0 and t = t r , but it gives the time of flow reversal t r for L = L max .
Reverse flow occurs when w = dL/dt = v = 0 (or w 2 = 0); w(L) is then not a function anymore in the sense that it becomes multivalued. Also, because of the absolute values and the Heaviside function in Eq. (2b), Eq. (4) changes shape: 
which permits symbolic solutions if K v = 1 and n = 1. The velocity of the liquid column is negative until the next flow reversal occurs after which Eq. (5) is valid again with an updated value of L 0 .
The solution of the Eqs. (2) for L and v and Eq. (9) for H air is a nonlinear oscillation around the equilibrium state:
The initial acceleration at t 0 and the deceleration at the first flow reversal at t r are ( )
NUMERICAL SOLUTION
Numerical integration is required when the reservoir pressure head H R and/or the pipe slope θ is not constant. The governing equations (2a), (2b) and d / d ( ) x t v t = can be casted in the standard form:
The explicit Euler method is used herein to solve Eq. (15), but any suitable numerical integration scheme can be chosen to do the job. An adaptive Runge-Kutta scheme has been used as double check.
VERIFICATION
The theoretical work described in [2] is used as test problem for pipe filling with water and entrapped air. The situation is as sketched in Fig. 1 
VALIDATION
The experimental setup described in [3, 4] is used as test problem for pipe filling with entrapped air. The situation is as sketched in Fig. 1 Figure 9 shows the calculated velocity as function of watercolumn length for a suddenly applied reservoir pressure of 8 bar. It nicely exhibits how the water column oscillates to its equilibrium length L ∞ = 9.47 m (Eq. 13). The analytical and numerical solutions coincide. Figure 10b shows the corresponding air pressure together with those obtained for seven reservoir pressures lower than 8 bar as indicated in the measured data in Fig. 10a . The calculated trends and maximum pressures are good, but the nonlinear mass oscillation is too slow (noting that the calculated signals have been shifted 0.2 s to the right to match the recorded signals). A lower value of n will not help here, because it makes the "air spring" less stiff (Fig. 2a) , the equilibrium length and pressure variations larger, and the oscillation faster. 
CONCLUSION
The main message is that the newly derived analytical solution coincides with the numerical solution for velocity, and that the corresponding air pressures agree well with experimental data. The analytical expressions give insight in the system's functional dependence on the relevant parameters. The given expressions are easily included in software like Maple, Mathcad, Mathematica and Matlab. 
